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of matter that every matter is associated with de-
Broglie wave k:mlv. According to Heisenberg
Uncertainty Principle, it is impossible to determine
both the momentum and position of a particle
simultaneously. Position and Momentum are
complimentary variables and we cannot measure
complementary variables of matter at same time to
certainty.

Erwin Schrédinger thought that the quantum
mechanical description of a particle can be done if
we set up an equation involving the wave function as
a function of ‘rand . It's a complex quantity whose
representation in x-direction can be given as
[IJ:AeMEt_——LPx). Being a complex quantity, it doesn’t
have a physical significance of its own but when it is
multiplied with its complex conjugate, it gives us the
probability amplitude | ¥ (7,t)|*, the probability of
finding the particle at that time and position
(Aharonov et al. 1993).The wave function at a
particular time contains all the information about the
particle at any point ‘#’at an instant of time‘t’.

Wavefunction y can have many possible solutions
but only those solutions are acceptable in which
y(x) and dy/dx are finite, single — valued,
continuous and square integrable. Equations
governing this wavefunction is called Schrédinger
equation (Verma, 2009). The two types of
Schrédinger equation are time independent and
time dependent Schrdédinger equation. Time
dependent equation explains the behavior of the
wave function with time and time independent
describes the allowed energy state of the particle or
probability of transition. However, these two are not
different form, rather the time independent
Schrédinger equation can be derived from time
dependent Schrédinger equation(Verma, 2009).

For solving the problem of particle in a 3-D box,
time independent Schrodinger equation is used.
This research is a review of previous research work.
We have calculated the energy of the particle inside

the box for different quantum values of ‘n’. Then the
probability from ground state, up-to second
excitation state and expectation value at different
varied length for each mentioned state.
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Fig. 1. Three - dimensional box

Materials and Methods :

We considered a 3-dimensionalboxhaving
dimension L, L, L.in x,y,z directions respectively
(Prakash, 2007).

The potential energy V is zero inside the box
and is infinity inside the box. Particle can be
anywhere inside this box and the probability of
finding the particle outside this box is zero.

The total energy E of the particle can be written
assum of its kinetic energy and potential energy

E=K+V (1)

PZ

- 2m
For particle in 3-D box, kinetic energy

PZ+ Pi+ PZ
k=)

2m
The momentum operator P can be written as
P = —ihV
So, 2 2 2 ; 2
px +py +pz = (—ihV)
(—ihV)?
2Zm
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So,
hz 62 52 az
- - V 1] ’
2m (axz Tz aZZ) iy Z)}
h? ¢ 9% 62
E‘P(x,y,z) = _%(B_xz-'_ +

V(xy,2) ¥(xv,z)... (2)

From the independent Schrodinger’s equation in 3-
dimensions, we have

azw+ azw+ a2y , 2m
ox> | ay?  8z%) h?
=0 - (3)

Vx,y,2) = Ve(x) + V,(y) + V,(2)

V(x) =0 if 0 <x < L,,else infinity;

(E-V)¥(xy,2)

V,(y) =0 if 0 <y <Ly,else infinity;
V,(z) =0 if 0 <z < L,, else infinity;

Using variables separation method ¥(x,3,z) can be
written as

Y(x,y.z) = X()Y(y)Z(2)
Hence, equation (3) becomes

(02 9% 07
[_%(axz T az2) %00+ )

+ VZ(Z)I XY (y)zZ(2)
= EX()Y(¥)Z(2)

02X ( )
+YWZ(2)V (D)X (x)

- h—ZX(JC)Z(Z) il (y)
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——Y( y)Z(z )

+ X(0)Z(2)V, (y)Y(;V)
32 (Z)

h?
~ o XY ()

+Y(y)X(x) Vz(ZJZ (Z)]
= EX(x)Y(¥)Z(2)
Dividing throughout by X(x)Y(»)Z(z)

h? 1 [9%X(x)
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Let,
h? 1 [92X(x)
_%%(3_) HO=E
W2 (92X (x)
“om (W) + V()X (x) = E,X(x)
Since Vy(x) = 0if 0 < x < L,, else infinity;

h? (02
So, [— m (ﬁ) + Vx(x)] X(x)=EX(x) ...(4)

Equation (4) represents particle in 1-dimension,

For V_(x)=0, equation (4) becomes

( 92X (x)

dx2

) = ™ Exx(x) = . (5)

In order to solve equation (5),we put

=~ ...(6)

32X (x)
( dx?

The general solution of this second order differential
equationis

)+K2X(x) =0

X(x) = Asink,x + B cosk,x

where,Aand B are arbitrary constants.

Applying boundary conditions :x=0
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X(x)=0
Asin0 + Bcos0 = 0+ B
Therefore B = 0
Hence, X(x) = Asink,x
At x =L, X(x)=0
AsinK,L,=0as A+ 0
So, sinK,L, =0
Kpl, =0,+x,+2x,+3x ...
Since K#0 and Ly # 0 and also will not be

equal to any negative value so, in general

K.L,=n,n
N, TT
K, =—— o (7
Similarly,
3%Y(y) 2m
ayz + ﬁEyY(y) = 0’
And the solution,

Y(y) = CsinK,)Y + DcosK,Y
n,m
K, = = - (8

Again

0%Z(z) 2m
622 + ?EZZ(Z) - 0

with solution,

Z(z) = EsinK,Z + FcosK,Z
n,m
L,

K, = - (9)

N, T 2mE,
K =— =
L, h?
from equations(6)and(7).
nZm?h?
E, = i .. (10a)
X
Similarly,
_ njn’h? (105)
Y 2ml}
nim?h?
Ez = L .. (10¢)
So total energy
E = E.+E, +E,
nh? fnZ nj nZ
E = —+=+—= (11
Zm(@+@+@) (an
Also,
. . nxn
X(x) = AsinK, X = Asin (L—)X
X
) . [(nyT
Y(y) = CsinK,Y = Csin I Y
- . nZn"
Z(z) = EsinK,Z = Esm(L )Z
z
So,
Y(x,y,2)
N, T n,m n,m
::ACEmn(iL)Xﬂn-lL Yﬂn(z )z
L, L, L,
(12)

According to normalization condition,

J"P"‘ (¥ (x)dx =1

For

X(x) = AsinK,.X

Ly
(AsinK, X -AsinK,X)dx =1
0



Determination of Probabilities and Expectation Values of Particle in 3D Box

Lx
A? f sin? KX = 1
0

L
A? & x—l
2
0
. 2
= |
So,
X00) 2 (nxn)X
X) = |— sin
L.X' LJC
Similarly,

2  (nym
Y(y) = Esm(?>}’

2 /i
Z(z) = ’L_ sm(L )Z

So, equation (12) becomes,

Y(x,v,7)

_ 8 . (Tle[)X . {nym Vi (nzn)z
= LLL sin L sin L, sin L

(13)

After obtaining the wave function v (x,3,2),
theprobability of finding the particle in the box can
be calculated. Since the particle is surely
presentanywhere inside the box and probability of
finding it outside the box is zero so it can be
calculated by the formula(Arvind et al., 2018)

= [ [][¥(xy 0] dr

where dt = dxdydz

P =

NN [\{::.)L? sin X<;1n )Y‘;m( Z)Z]dedydz
(14)

p

=[]/ U: sin (n;xn))(sin (?—:)Ysin (nlf) Z} ? dxdydz

.(15)

where V' = volume of the box = L, L, L,

The Expectation value of the particle can be

calculated by

)z

xyz dxdydz

- e (e

where V = L? = volume of the box.

Results and Discussion:

As we saw earlier, to find the value of energy
levels of particle in 1-dimensional box, we have the
following relation (Polkinghorne, 2002)

271.21:12
2ma?

Substituting h = h/2Znwehavethefollowing relation:
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hZ
8ml?

Further generalization of this equation gives us

theresult as:
8m\ L2 L§, L2

n2 ( a= L)

Now we are considering a cube, therefore
Ly=L,=L,=1L

The values ofvarious energy levels were calculated

as

h2
Fncnyne = gmp?

(n + n2 + n2)

For ground zero state we haven, =n, =n, =1

E 3h?
LT 8mi2
h? )
where -y being a constant, because h- Planck’s

constant whose value is 6.626 x 10”*m” -kg/sec

h? = 43.90 X 107°®m? — kg/sec
m = 9.11 x 10731 kg

L = 05A
Therefore,
hr 43.90 x 10768
8ml?  8x9.11 x 10731 x 0.5 X 0.5 x 10720
= 2.409 x 10V
3h? -
El,l,l = 5 = 3 X 2.4‘09 X 10

8mL
E1,1,1 = 7228 X 10_17]

Degeneracy

The energy of a state dependson the sum of
square of quantum numbers. If the particles
arehaving different wavefunctions(can be
stationary) at a particular value of energy, then
these states are said to be degenerate.

For example, for the first excited state there are
three sets of quantum numbers possible. They are —
(1,1,2), (1,2,1), (2,1,1).The sum of squares of these
sets of quantum numbers is 6. Each wavefunction
has same energy i.e.

2

E(1,1,2)=E(1,2,1)=E(2,1,1) = =

J

Hence the number of independent
wavefunction for an energy level is called degree of
degeneracy of the energy level (Supriadi et
al.2019).

Table 1.The result of particle energy levels in
three-dimensional boxes

*ngc Possible Energy Energy Degree
Combinat- Value of
+ ng, ions (inx10"J) | degeneracy
+ n2
2
3 (1,1,1) SZ’LZ 7.228 1
6 (1 11 a2) 6h2
(1,2,1) Sl 14.454 3
2,1,1)
9 @21 | g
(2,1,2) E 21.681 3
(1.22) mL
11 (3,1,1) 1K
(1,3,1) 2 26.499 3
(113 | Smt
12 2,2,2) 12/ 28.908 1
8mlL’

Therefore, we saw that energy level of a
particle depends on the value of #’ ie. square of
quantum number (Lal et al. 2008).

[72>
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Calculation of probability

We calculated the probability of a particle in a
3-dimensional box using the following equation-

o | () )

Wehave: V=LxLylLz

2

dxdydz

Lx=Ly=Lz=L (sides of acube)

we have used variation in the width of cube
whichare,%,%,%, L. We kept the quantum
number same whichis n, = n, = n.

We obtained the following table based on our
calculation.

Table 2. The result of mathematical data on

particle probability values in a three-
dimensional box
State Box Width Probability
(1.1,1) % 0.00075
£ 0.125
L 0.206
L 1
2,2,2) £ 0.016
£ 0.125
L 0.421
L 1
(333) Z 0.028
£ 0.125
L 0.339
L 1

Fig. 2. Wavefunction representing probability of
aparticleina 3D box
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Fig. 3. Visualizing the probability of a particle in
a3D box

Calculation of expectation value

For the calculation of expectation values of a
particle in 3-dimensional box we have used the
formula(Supriadi etal.2019):

V)=

_ (B . (nxn ¥ si n,m Y si (nzrr)zz pdrdvds
= Vﬂf sin Lx) sin L sin L xyzdxdydz

(73>
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where V' =L L L =L; = volume of the box.

Based on our calculation we have the following
table:

Table 3. The result of mathematical data on
particle expectation values in a three-
dimensional box

State Box Width Expectation Values
(1,1,1) £ 0.0000047
L
> 0.0054
3L
T 0.077
L 0.125
(2,2,2) £ 0.000084
L
— 0.0019
3L
2L 0.025
L 0.125
(3,3,3) £ 0.00012
L
5 0.022
3L
— 0.014
L 0.125

Conclusions:

The probability value of particles depends on
square of quantum number and the variation in
width of the box. The probability of finding particles
at the width of L/2 and L remains same for all the
states. In addition to probability the report also tells
us about the energy possessed by the particle. The
analysis tells us about the variation of energy level
with changing box width and  quantum number.
The expectation value of particles with box width L
is same for all the values of quantum numbers.
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